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LINEAR SERIES ON A CURVE OF COMPACT TYPE
BRIDGED BY A CHAIN OF ELLIPTIC CURVES
YOUNGOOK CHOI AND SEONJA KIM
Abstract. In the present paper we investigate conditions for the non-existence of a limit
linear series on a curve of compact type such that two smooth curves are bridged by
a chain of two elliptic curves. Combining this work with results on the existence of a
smoothable limit linear series on such a curve, we show relations among Brill-Noether loci
of codimension at most two in the moduli space of complex curves. Specifically, Brill-
Noether loci of codimension two have mutually distinct supports.
1. Introduction
Let Mg be the moduli space of smooth complex curves of genus g. It is well known that
a general curve of genus g has no linear series grd whose Brill-Noether number ρ(g, r, d)(:=
g− (r+1)(g − d+ r)) is negative. The Brill-Noether locus Mrg,d is defined by the sublocus
of Mg whose elements represent curves possessing a linear series grd. We also consider
the closure Mrg,d of Mrg,d in the moduli space Mg of stable curves of genus g. We will
call Mrg,d a Brill-Noehter locus as well. In this work, we study relations among Brill-
Noether loci by investigating existence/non-existence of a smoothable limit linear series on
a TCBE(g1, g2; 2, t) curve in Mg. Here, a TCBE(g1, g2; 2, t) curve is defined by a curve
of compact type such that two smooth curves Y1, Y2 are bridged by a chain of two elliptic
curves E1, E2 as in Figure 1, which satisfies that for each i = 1, 2
(i) (Yi, pi) is a general one pointed curve of genus gi ≥ 2 ,
(ii) t = min{t˜ ∈ Z>0 | OEi(t˜(pi − q)) ≃ OEi}.
E1
Y1
E2
Y2
p1 p2
q
Figure 1.
More generally, a TCBE(g1, g2;n, t) curve is defined in [10] by the same way as a TCBE(g1, g2; 2, t)
curve except that the chain of elliptic curves has length n.
The second author [10] gave conditions on t in terms of g, r, d under which a TCBE(g1, g2;n, t)
curve in Mg carries a smoothable limit linear series grd. Along the line, the focus of this
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work lies on finding conditions on t for a TCBE(g1, g2; 2, t) curve not to admit a g
r
d. This
work combined with the existence conditions given in [10] will enable us to see some rela-
tions among Brill-Noether loci in Mg or Mg. More precisely, we describe differences and
intersections among Brill-Noether loci by using the family of TCBE(g1, g2; 2, t) curves in
Mg, whose dimension equals 3g − 8. For convenience sake, we define the following:
∆BEg (g1, g2; 2, t) := {[C] ∈ Mg | C is a TCBE(g1, g2; 2, t) curve, g1 ≥ g2}.
In case ρ(g, r, d) = −1, Mrg,d is irreducible and of codimension one in Mg [6, 11], which
is called a Brill-Noether divisor. Relationships among Brill-Noether divisors inside Mg
are useful for dealing with the birational geometry of Mg [5, 7, 8]. It was known that
any two Brill-Noether divisors have mutually distinct supports in Mg [1, 2]. On the one
hand, every component ofMrg,d has codimension at most −ρ(g, r, d) inMg; further, in case
−3 ≤ ρ(g, r, d) ≤ −1, each component of Mrg,d is of codimension −ρ(g, r, d) [3, 6, 11].
The objective of this study is to find relations between a locus △BEg (g1, g2; 2, t) and a
Brill-Noether locus Mrg,d. Theorem 3.3 in the present paper shows the following:
Let ρ(g, r, d) = ρ < 0 and t ≥ 4. Then we have
△BEg (g1, g2; 2, t) ∩Mrg,d = ∅,
when
t ≥
{
g − d+ 2r + (g1 − g2) + δg1,g2 in case ρ = −1,
2
−ρ
(
g − d+ 2r − 2 + (g1 − g2) + δg1,g2
)
in case ρ ≤ −2.
Here δg1,g2 denotes the Kronecker delta.
This result is a kind of counter part of Theorem 1.1 in [10] for the case n = 2: under the
hypotheses ρ(g, r, d) = −2 + h and g1 − h ≥ g2 ≥ 2 with h = 0, 1, we get
∆BEg (g1, g2; 2, t) ⊂Mrg,d,
if {
2 ≤ t ≤ g2 + h+ 1, t ≡ g1 + 1 (mod 2) in case r = 1
tmin ≤ t ≤ g − d+ 2r − 2 + h in case r ≥ 2
(1.1)
where
tmin :=


r + 2 + (g1 − g2) if r is even,
r + 2 + g1−g2+h2 if both r and d+ 2 +
g1−g2+h
2 are odd,
r + 2 + 1 + g1−g2+h2 if r is odd and d+ 2 +
g1−g2+h
2 is even.
(1.2)
It is interesting that, for the case ρ(g, r, d) = −2 and r ≥ 2, the above two results on
the non-existence/existence of a smoothable limit grd tell the sharpness of each other when
(g1, g2) = (⌈g−22 ⌉, ⌊g−22 ⌋), where ⌈g−22 ⌉ (resp. ⌊g−22 ⌋) is the smallest integer greater (resp.
the largest integer less) than or equal to g−22 . For such a (g1, g2), the two results have only
one gap for sharpness in case ρ(g, r, d) = −1 and r ≥ 2. From this observation we get
corollaries as follows:
(1) Brill-Noether loci of Brill-Noether number ρ = −2 have mutually distinct supports
in Mg (see Corollary 3.5),
(2) Mrg,d with ρ(g, r, d) = −2 is not contained in any Brill-Noether divisor Msg,e with
e− 2s ≥ d− 2r + 3 (see Corollary 3.6),
(3) if X is a general plane curve of degree d and genus g with 34 ≤ g ≤ 3d−42 , then
its smooth model X˜ does not admit gse with s ≥ 2 and ρ(g, s, e) < 0 except g2d and
KX˜ − g2d (see Remark 3.7).
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Considering the above, one can notice that results on the non-existence/existence of a
limit grd would play a role in studying not only relations among Brill-Noether loci but also
embeddings of individual curves belonging to a prescribed Brill-Noether locus of codimen-
sion at most two. In Example 3.8 we consider M34 in which the Brill-Noether loci with
ρ = −2 are M134,17, M234,24, M334,28, M534,33 and the Brill-Noether divisor is M434,31. It
presents their relations as follows:
(i) △BE34 (16, 16; 2, 9) ⊂M
1
34,17 ∩M234,24 ∩M334,28 ∩M534,33 ∩M434,31,
(ii)
⋃
t=13,15,17
△BE34 (16, 16; 2, t) ⊂M
1
34,17 − (M234,24 ∪M334,28 ∪M534,33 ∪M434,31).
These are not trivial since △BE34 (16, 16; 2, 9) is of codimension five and Brill-Noether loci of
codimension two have mutually distinct supports (see Corollary 3.5). The result (ii) tells
how a general curve X in M134,17 is embedded by |KX − g117|. For instance, the relation
△BE34 (16, 16; 2, t) ⊂ M
1
34,17 −M234,24 implies that if Lη = g117 on a smooth curve Cη is a
smoothing of L = g117 on C ∈ △BE34 (16, 16; 2, t) then the residual |KCη −Lη| embeds Cη into
PH0(Cη,KCη − Lη) such that any seven points of the curve are in general position.
Acknowledgements We thank KIAS for the warm hospitality when we were associate
members in KIAS .
2. Preliminaries
In this section, we review definitions and theorems on limit linear series in [4, 5] which
will be used to verify the existence/non-existence of a smoothable limit linear series grd on
a TCBE(g1, g2; 2, t) curve. If C is a curve of compact type, a (crude) limit g
r
d on C is a
collection of ordinary linear series L = {LY ∈ Grd(Y ) | Y ⊂ C is a component} satisfying
the compatibility condition: if Y and Z are components of C with {p} = Y ∩ Z, then
a
LY
j (p) + a
LZ
r−j(p) ≥ d for 0 ≤ j ≤ r, (2.1)
where {aLj (p) : aL0 (p) < aL1 (p) < · · · < aLr (p)} is the vanishing sequence of L at p. Recall
that the sequence (αL0 (p), · · · , αLr (p)) with αLj (p) := aLj (p) − j is called the ramification
sequence of L at p. If the equality in (2.1) holds everywhere, L is said to be a refined limit
grd. The linear series LY ∈ Grd(Y ) is called the Y -aspect of L. A limit linear series grd = L on
C is said to be smoothable if there is a flat family pi : C → B, B = Spec(R), for a discrete
valuation ring R with C = C0 and a g
r
d = Lη on Cη for a generic point η ∈ B whose limit
is L on C = C0.
Therefore, in order to study problems related to the existence/non-existence of a smooth-
able limit grd on a TCBE(g1, g2; 2, t) curve, we first examine conditions for the existence of an
ordinary grd satisfying specific vanishing conditions on each component of the TCBE(g1, g2; 2, t)
curve. Thus results on linear series with a prescribed vanishing sequence are essential in
this work.
Theorem 2.1 ([5], (1.2) Proposition). A general pointed curve (C, q) of genus g possesses
a grd with ramification sequence (α0, · · · , αr) at q if and only if
r∑
j=0
(αj + g − d+ r)+ ≤ g, (2.2)
where (αj + g − d+ r)+ := max{0, αj + g − d+ r}.
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Remark 2.2. Let (C, p) be a general pointed curve of genus g. Then Theorem 4.5 in [4]
tells that every component of
{L ∈ Grd(C) | αLj (p) = αj , j = 0, · · · , r}
has dimension ρ(g, r, d) −∑rj=0 αj , which equals g −∑rj=0(αj + g − d+ r).
For an m-pointed curve (Y, p1, . . . , pm) of genus gY , the adjusted Brill-Noether number of
LY with respect to {p1, . . . , pm} is defined by
ρ(LY , p1, . . . , pm) := ρ(gY , r, d) −
m∑
i=1
r∑
j=0
α
LY
j (pi). (2.3)
The following lemma shows a relation between the additivity of adjusted Brill-Noether
numbers of aspects and the refinedness of a limit grd.
Lemma 2.3. Let C := Y1 ∪ · · · ∪ Yn be a curve of compact type of genus g which is a chain
of smooth curves Y1, · · · , Yn with Yi∩Yi+1 = pi for i = 1, · · · , n−1, as in Figure 2. Assume
that C possesses a limit linear series grd := {LY1 , · · · , LYn}. Then,
ρ(LY1 , p1) +
n−1∑
i=2
ρ(LYi , pi−1, pi) + ρ(LYn , pn−1) = ρ(g, r, d) −
n−1∑
i=1
r∑
j=0
ηij ,
where ηij := a
LYi
j (pi) + a
LYi+1
r−j (pi)− d.
Y1 Y2 · · · · · ·
Yn−1 Yn
p1
pn−1
Figure 2.
Proof. The definition of an adjusted Brill-Noether number in (2.3) yields that
ρ(LY1 , p1) +
n−1∑
i=2
ρ(LYi , pi−1, pi) + ρ(LYn , pn−1)
= {−rg(Y1)−
r∑
j=0
(r + α
LY1
j (p1)− d)}+ {−rg(Yn)−
r∑
j=0
(r + α
LYn
j (pn−1)− d)}
+
n−1∑
i=2
{−rg(Yi)−
r∑
j=0
(r + α
LYi
j (pi−1) + α
LYi
j (pi)− d)}
= {−rg(Y1)−
r∑
j=0
(j + a
LY1
r−j(p1)− d)}+ {−rg(Yn)−
r∑
j=0
(r − j + aLYnj (pn−1)− d)}
+
n−1∑
i=2
{−rg(Yi)−
r∑
j=0
(a
LYi
j (pi−1) + a
LYi
r−j(pi)− d)}
= −rg − (r + 1)(r − d)−
n−1∑
i=1
r∑
j=0
(a
LYi
r−j(pi) + a
LYi+1
j (pi)− d)
= ρ(g, r, d) −
n−1∑
i=1
r∑
j=0
ηij,
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since g(Y1) + · · · + g(Yn) = g. Thus the result follows. 
Concerning adjusted Brill-Noether numbers on an elliptic curve, we get an equation as
in what follows.
Lemma 2.4 ([10], Lemma 2.5). Let LE be a g
r
d on an elliptic curve E and νj := d −
(aLEj (p) + a
LE
r−j(q)) for p, q ∈ E. Then we have
#{j | νj = 0, j = 0, · · · , r} = −ρ(LE , p, q) + 1 +
r∑
j=o
(νj − 1)+ (2.4)
where (νj − 1)+ := max{νj − 1, 0}.
3. Limit linear series on a TCBE(g1, g2; 2, t) curve
In this section we investigate necessary conditions on t for a TCBE(g1, g2; 2, t) curve
to admit a limit linear series grd with ρ(g, r, d) < 0, whereas sufficient conditions for the
existence of a smoothable limit grd with ρ(g, r, d) = −1,−2 were given in Theorem 1.1 in
[10]. Our result combined with Theorem 1.1 [10] gives rise to some relations among Brill-
Noether loci corresponding to ρ = −1,−2 in the moduli space Mg. In particular, it will be
shown that Brill-Noether loci of codimension two have mutually distinct supports in Mg
as in the case of Brill-Noether divisors [1, 2].
Before going to the theorem, we demonstrate some lemmas for the proof of our main
theorem.
Lemma 3.1. Let C := Y1 ∪ · · · ∪ Yn be the same curve of compact type of genus g as in
Lemma 2.3. Assume that C possesses a limit linear series grd := {LY1 , · · · , LYn}. Then, for
each i = 1, . . . , n− 1
(1) a
LYi+1
r (pi) ≤ g(Yi) + r + ρ(LYi , pi) + ηi0 in case (Yi, pi) is general,
(2) a
LYi
r (pi) ≤ g(Yi+1) + r + ρ(LYi+1 , pi) + ηir in case (Yi+1, pi) is general,
where ηij := a
LYi
j (pi) + a
LYi+1
r−j (pi)− d.
Proof. (1) Since a
LYi
0 (pi) + a
LYi+1
r (pi) = d + ηi0, the conclusion a
LYi+1
r (pi) ≤ g(Yi) + r +
ρ(LYi , pi) + ηi0 is equivalent to g(Yi)− d+ r+α
LYi
0 (pi) ≥ −ρ(LYi , pi). Assume that g(Yi)−
d + r + α
LYi
0 (pi) < −ρ(LYi , pi). Then the equation ρ(LYi , pi) = g(Yi) −
∑r
j=o(g(Yi) − d +
r+α
LYi
j (pi)) yields
∑r
j=1(g(Yi)− d+ r+α
LYi
j (pi)) > g(Yi), which means
∑r
j=o(g(Yi)− d+
r + α
LYi
j (pi))+ > g(Yi). This cannot occur by Theorem 2.1 since (Yi, pi) is general.
(2) This can be shown by the same arguments as in the proof of (1). 
Lemma 3.2. Let C be a TCBE(g1, g2; 2, t) curve as in Figure 1. Assume that C admits
a limit linear series grd := {LY1 , LE1 , LE2 , LY2} with ρ(LYi , pi) =: γi for i = 1, 2. Let
ηij := a
LYi
j (pi) + a
LEi
r−j(pi)− d, βj := a
LE1
j (q) + a
LE2
r−j (q)− d, νij := d− (a
LEi
j (pi) + a
LEi
r−j(q))
and mi := −ρ(LEi , pi, q) +
∑r
j=o(νij − 1)+ for i = 1, 2 and j = 0, · · · , r.
(1) If m1 ≥ 1, then
d+m1t
2
+ ⌈ ν1r
ν1r + 1
⌉ ≤ g1 + r + γ1 + η10, (3.1)
or
d+m1t
2
− βr − ν2r < g2 + r + γ2 + η2r. (3.2)
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(2) If m2 ≥ 1, then
d+m2t
2
≤ g2 + r + γ2 + η2r,
or
d+m2t
2
− β0 − ν1r + ⌈ ν2r
ν2r + 1
⌉ < g1 + r + γ1 + η10.
Proof. (1) By Lemma 2.4, we have #{j | ν1j = 0, j = 0, · · · , r} = m1 + 1. Hence, there is
a strictly increasing sequence {j(1, 0), · · · , j(1,m1)} ⊂ {0, · · · , r} such that for each j(1, l)
there is a σj(1,l) of LE1 satisfying
div(σj(1,l)) = a
LE1
j(1,l)(p1)p1 + a
LE1
r−j(1,l)(q)q.
We will derive equations (3.1) and (3.2) through comparing the integers a
LE1
j(1,0)
(p1) and
a
LE1
r−j(1,m1)
(q). First we assume that a
LE1
j(1,0)(p1) ≥ a
LE1
r−j(1,m1)
(q). Using Lemma 3.1, (2), we
have
a
LE1
r (p1) ≤ g1 + r + γ1 + η10.
Thus the inequality (3.1) can be given when we verify a
LE1
r (p1) ≥ d+m1t2 + ⌈ ν1rν1r+1⌉. Since
a
LE1
j(1,l)(p1)p1 + a
LE1
r−j(1,l)(q)q ∼ a
LE1
j(1,0)(p1)p1 + a
LE1
r−j(1,0)(q)q
and m1 + 1 = #{j | ν1j = 0, j = 0, · · · , r} ≥ 2, we get al(p1 − q) ∼ 0 for all 1 ≤ l ≤ m1,
where
al := a
LE1
j(1,l)(p1)− a
LE1
j(1,0)(p1) = a
LE1
r−j(1,0)(q)− a
LE1
r−j(1,l)(q) for l = 1, · · · ,m1.
This forces that every al is a multiple of the torsion t and hence
am1 = n1t for some integer n1 ≥ m1,
since a1 < a2 < · · · < am1 . This yields that
a
LE1
j(1,0)(p1) + a
LE1
r−j(1,m1)
(q) = a
LE1
j(1,0)(p1) + a
LE1
r−j(1,0)(q)− (a
LE1
r−j(1,0)(q)− a
LE1
r−j(1,m1)
(q))
= d− n1t, (3.3)
whence
a
LE1
r−j(1,m1)
(q) ≤ d− n1t
2
by the assumption a
LE1
j(1,0)(p1) ≥ a
LE1
r−j(1,m1)
(q). Therefore,
a
LE1
r (p1) ≥ aLE1j(1,m1)(p1) + ⌈
ν1r
ν1r + 1
⌉
= d− aLE1
r−j(1,m1)
(q) + ⌈ ν1r
ν1r + 1
⌉
≥ d+ n1t
2
+ ⌈ ν1r
ν1r + 1
⌉,
since ν1r = 0 if and only if j(1,m1) = r. This implies the inequality (3.1) by n1 ≥ m1.
Now we assume that a
LE1
j(1,0)(p1) < a
LE1
r−j(1,m1)
(q). The equation (3.3) yields
a
LE1
r−j(1,m1)
(q) >
d− n1t
2
.
Therefore we have
a
LE1
r (q) ≥ aLE1r−j(1,0)(q) = a
LE1
r−j(1,m1)
(q) + n1t >
d+ n1t
2
,
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whence
a
LE2
r (p2) = d− ν2r − aLE20 (q)
= −ν2r − βr + aLE1r (q) by βr = aLE1r (q) + aLE20 (q)− d
>
d+m1t
2
− ν2r − βr, for n1 ≥ m1 .
Thus the result (1) is proved by Lemma 3.1.
(2) By Lemma 2.4, we have a strictly increasing sequence {j(2, 0), · · · , j(2,m2)} ⊂
{0, · · · , r} such that for each j(2, l) there is a σj(2,l) of LE2 satisfying
div(σj(2,l)) = a
LE2
j(2,l)(p2)p2 + a
LE2
r−j(2,l)(q)q.
By the same reasoning as in the proof of (1), we get
a
LE2
j(2,0)(p2) + a
LE2
r−j(2,m2)
(q) = d− n2t for some n2 ≥ m2.
If a
LE2
j(2,0)(p2) ≥ a
LE2
r−j(2,m2)
(q) − 2⌈ ν2r
ν2r+1
⌉, then we obtain aLE2
r−j(2,m2)
(q) ≤ d−n2t2 + ⌈ ν2rν2r+1⌉.
This yields
a
LE2
r (p2) ≥ d+m2t
2
.
If a
LE2
j(2,0)(p2) < a
LE2
r−j(2,m2)
(q)− 2⌈ ν2r
ν2r+1
⌉, we have aLE2
r−j(2,m2)
(q) > d−n2t2 + ⌈ ν2rν2r+1⌉ and hence
a
LE2
r (q) ≥ aLE2r−j(2,0)(q) = a
LE2
r−j(2,m2)
(q) + n2t >
d+ n2t
2
+ ⌈ ν2r
ν2r + 1
⌉.
This combined with the equalities a
LE1
r (p1) = d − ν1r − aLE10 (q) = −ν1r − β0 + a
LE2
r (q)
yields that a
LE1
r (p1) >
d+m2t
2 − β0 − ν1r + ⌈ ν2rν2r+1⌉. Therefore by Lemma 3.1 we obtain the
equations:

d+m2t
2 ≤ g2 + r + γ2 + η2r if a
LE2
j(2,0)(p2) ≥ a
LE2
r−j(2,m2)
(q)− 2⌈ ν2r
ν2r+1
⌉
d+m2t
2 − β0 − ν1r + ⌈ ν2rν2r+1⌉ < g1 + r + γ1 + η10 if a
LE2
j(2,0)(p2) < a
LE2
r−j(2,m2)
(q)− 2⌈ ν2r
ν2r+1
⌉,
which gives the result (2). Thus the proof of the lemma is completed. 
From Lemma 3.2 we obtain necessary conditions on t for a TCBE(g1, g2; 2, t) curve to
carry a limit linear series grd.
Theorem 3.3. Let C be a TCBE(g1, g2; 2, t) curve of genus g with g1 ≥ g2 and t ≥ 4. If
C admits a limit linear series grd with ρ(g, r, d) = ρ < 0, then
t <
{
g − d+ 2r + (g1 − g2) + δg1,g2 in case ρ = −1,
2
−ρ
(
g − d+ 2r − 2 + (g1 − g2) + δg1,g2
)
in case ρ ≤ −2. (3.4)
Proof. Assume that C admits a limit grd = {NY1 , NE1 , NE2 , NY2} with ρ(g, r, d) = ρ. Let
ηij , βj , νij, γi and mi be the same as in Lemma 3.2. Since (Yi, pi) is general, we have
γi ≥ 0 for each i = 1, 2. And Lemma 2.3 tells
−ρ(LE1 , p1, q)− ρ(LE2 , p2, q) = −ρ+
2∑
i=1
r∑
j=0
ηij +
r∑
j=0
βj + γ1 + γ2,
whence
m1 +m2 = −ρ+
2∑
i=1
r∑
j=0
ηij +
r∑
j=0
βj + γ1 + γ2 +
2∑
i=1
r∑
j=o
(νij − 1)+. (3.5)
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The remaining parts of the proof will be split into the following two cases:
(Case 1) m1 ≤ 0 or m2 ≤ 0, (Case 2) m1 ≥ 1 and m2 ≥ 1.
(Case 1) First we assume m2 ≤ 0. The equation (3.5) gives
m1 ≥ −ρ+
2∑
i=1
r∑
j=0
ηij +
r∑
j=0
βj + γ1 + γ2 +
2∑
i=1
r∑
j=o
(νij − 1)+, (3.6)
which combined with the hypothesis ρ < 0 means m1 ≥ 1. By Lemma 3.2,(1), it follows
that either
d+m1t
2
≤ g1 + r + γ1 + η10
or
d+m1t
2
− βr − ν2r < g2 + r + γ2 + η2r.
These combined with (3.6) and the hypothesis t ≥ 4 yield that either
2g1 − d+ 2r ≥ m1t− 2(γ1 + η10)
≥ −ρt+ 4(γ1 + η10)− 2(γ1 + η10)
≥ −ρt ,
or
2g2 − d+ 2r > m1t− 2(βr + ν2r + γ2 + η2r)
≥ −ρt+ 4(η2r + βr + γ2 + (ν2r − 1)+)− 2(βr + ν2r + γ2 + η2r)
≥ −ρt− 2 ,
since 2(ν2r − 1)+ − ν2r ≥ −1. Therefore we have
− ρt ≤ max{2g1 − d+ 2r, 2g2 − d+ 2r + 1}. (3.7)
Assume m1 ≤ 0. From (3.5) we get
m2 ≥ −ρ+
2∑
i=1
r∑
j=0
ηij +
r∑
j=0
βj + γ1 + γ2 +
2∑
i=1
r∑
j=o
(νij − 1)+ ≥ 1.
Using Lemma 3.2,(2) and the same arguments as the above, we obtain that
either − ρt ≤ 2g2 − d+ 2r or − ρt− 2 < 2g1 − d+ 2r. (3.8)
By (3.7) and (3.8) we conclude that if either m1 ≤ 0 or m2 ≤ 0,
t ≤ 1−ρ
(
2g1 − d+ 2r + 1
)
=
1
−ρ
(
g − d+ 2r − 1 + (g1 − g2)
)
, (3.9)
since 2g1 = g1 + g2 + (g1 − g2) = g − 2 + (g1 − g2). Thus t satisfies the equation (3.4).
(Case 2) Assume m1 ≥ 1 and m2 ≥ 1. By Lemma 3.2, the condition m1 ≥ 1 implies that
d+m1t
2
+ ⌈ ν1r
ν1r + 1
⌉ ≤ g1 + r + γ1 + η10. (*1)
or
d+m1t
2
− βr − ν2r + 1
2
≤ g2 + r + γ2 + η2r. (*2)
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and the condition m2 ≥ 1 implies that either
d+m2t
2
≤ g2 + r + γ2 + η2r. (**1)
or
d+m2t
2
− β0 − ν1r + ⌈ ν2r
ν2r + 1
⌉+ 1
2
≤ g1 + r + γ1 + η10. (**2)
Therefore we should have one of the following cases:

g − 2− d+ 2r ≥ (m1+m2)t2 − (γ1 + η10 + γ2 + η2r) for {(∗1), (∗ ∗ 1)}
2g1 − d+ 2r − 12 ≥ (m1+m2)t2 − (2γ1 + 2η10 + β0 + ν1r) + ⌈ ν1rν1r+1⌉ for {(∗1), (∗ ∗ 2)}
2g2 − d+ 2r + 12 ≥ (m1+m2)t2 − (2γ2 + 2η2r + βr + ν2r) + 1 for {(∗2), (∗ ∗ 1)}
g − 2− d+ 2r
≥ (m1+m2)t2 − (γ1 + η10 + γ2 + η2r + β0 + ν1r + βr + ν2r) + ⌈ ν2rν2r+1⌉+ 1 for {(∗2), (∗ ∗ 2)}
since g1 + g2 = g − 2.
Since the sum of left hand sides of any {(∗k), (∗∗ l)} have the term (m1+m2)t2 , we consider
the following inequalities given by (3.5):
(m1 +m2)t
2
(3.10)
≥
{
−ρt
2 +
t
2(
∑2
i=1
∑r
j=0 ηij +
∑r
j=0 βj + γ1 + γ2 +
∑2
i=1
∑r
j=o(νij − 1)+) if ρ ≤ −2
t+ t2(−1 +
∑2
i=1
∑r
j=0 ηij +
∑r
j=0 βj + γ1 + γ2 +
∑2
i=1
∑r
j=o(νij − 1)+) if ρ = −1,
≥
{
−ρt
2 + 2(
∑2
i=1
∑r
j=0 ηij +
∑r
j=0 βj + γ1 + γ2 +
∑2
i=1
∑r
j=o(νij − 1)+) if ρ ≤ −2
t+ 2(−1 +∑2i=1∑rj=0 ηij +∑rj=0 βj + γ1 + γ2 +∑2i=1∑rj=o(νij − 1)+) if ρ = −1.
Here the last inequality is given by t ≥ 4 and the inequality −1+∑2i=1∑rj=0 ηij+∑rj=0 βj+
γ1+ γ2+
∑2
i=1
∑r
j=o(νij − 1)+ ≥ 0 which is derived from (3.5) combined with m1+m2 ≥ 2
and ρ = −1. Thus the equation (3.10) yields that for any case {(∗k), (∗ ∗ l)}
( right hand side of {(∗k), (∗ ∗ l)}) ≥
{
−ρt
2 if ρ ≤ −2
t− 2 if ρ = −1
since (νir − 1)+ − νir ≥ −1 and (νir − 1)+ − νir + ⌈ νirνir+1⌉ ≥ 0 for each i = 1, 2. On the one
hand, we have
( left hand side of {(∗k), (∗ ∗ l)}) ≤
{
2g1 − d+ 2r + 12 if g1 = g2
2g1 − d+ 2r − 12 if g1 > g2
= g − d+ 2r − 5
2
+ (g1 − g2) + δg1,g2
since 2g1 = g − 2 + (g1 − g2). In sum, the conclusion of (Case 2) is that
t ≤
{
g − d+ 2r − 12 + (g1 − g2) + δg1,g2 if ρ = −1,
2
−ρ
(
g − d+ 2r − 52 + (g1 − g2) + δg1,g2
)
if ρ ≤ −2.
Therefore we complete the proof of the theorem. 
Theorem 3.3 provides conditions on the torsion t for a TCBE(g1, g2; 2, t) curve not to
carry a limit grd, whereas Theorem 1.1 in [10] gives conditions on t for the existence of a
smoothable limit grd on the curve. Combining Theorem 1.1 in [10] and Theorem 3.3, we
obtain the following corollaries.
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Corollary 3.4. Let C be a TCBE(g1, g2; 2, t) curve of genus g with g1 ≥ g2 and let positive
integers r and d satisfy ρ := ρ(g, r, d) = −1 or −2.
(1) C carries a smoothable limit grd if{
t ≤ g2 + 3 + ρ, t ≡ g1 + 1 (mod 2) for r = 1
r + 3 + (g1 − g2) ≤ t ≤ g − d+ 2r + ρ for r ≥ 2.
(3.11)
(2) C does not carry a limit grd if t ≥ g − d+ 2r + 2(1 + ρ) + (g1 − g2) + δg1,g2.
Specifically, in case ρ = −2 and r ≥ 2, a TCBE(⌈g−22 ⌉, ⌊g−22 ⌋; 2, t) curve with t ≥ r + 4
admits a smoothable limit grd if and only if t ≤ g − d+ 2r − 2.
Proof. (2) is the result of Theorem 3.3 corresponding to ρ := ρ(g, r, d) = −1 or −2. To get
(1), set
h := 2 + ρ.
If the inequality g1 ≥ g2 + h is satisfied, then (1) is the result of Theorem 1.1 in [10] corre-
sponding to n = 2 and h = 0 or 1, which is stated in the introduction, since tmin(r; g1, g2; 2, h)
in (1.2) is no more than r + 3 + (g1 − g2) for r ≥ 2. Thus it remains to show g1 ≥ g2 + h.
In the proof of the theorem the hypothesis g1 ≥ g2 + h is used only when r is odd. Thus
it is suffices to check g1 ≥ g2 + h when r is odd and h = 1. In this case, if g1 = g2 then
g− ρ = g+1 = 2g1+3 is odd, whereas the parity of g− ρ is even since ρ(g, r, d) = ρ means
g − ρ = (r + 1)(g − d + r) and r is odd. This cannot occur. Hence we have g1 ≥ g2 + h.
Therefore we get the result (1).
If ρ = −2 and r ≥ 2, the results (1) and (2) tell that the inequality t ≤ g − d + 2r − 2
becomes a necessary and sufficient condition on t for a TCBE(⌈g−22 ⌉, ⌊g−22 ⌋; 2, t) curve with
t ≥ r + 4 to carry a smoothable limit grd. 
Recall that △BEg (g1, g2; 2; t) := {[C] ∈ Mg | C is a TCBE(g1, g2; 2, t) curve, g1 ≥ g2}.
Corollary 3.5. Let g, r, s, d, e be positive integers such that ρ(g, r, d) = ρ(g, s, e) = −2,
e 6= d and e 6= 2g − 2− d. Then,
supp(Mrg,d) 6= supp(Msg,e).
Further, △BEg
(⌈g−22 ⌉, ⌊g−22 ⌋; 2, g−d+2r−2 ) ⊂ Mrg,d−Msg,e, where d, e ≤ g−1 and s > r.
Proof. Assume that ρ(g, r, d) = ρ(g, s, e) = −2, e 6= d and e 6= 2g − 2 − d. In the case of
r = 1, G. Farkas [8] proved that a general d-gonal curve X has no gse with ρ(g, s, e) < 0
except g1d and KX − g1d. Thus we assume that s > r ≥ 2 and that d, e ≤ g − 1 by Serre
duality.
Let C be a TCBE(⌈g−22 ⌉, ⌊g−22 ⌋; 2, g − d + 2r − 2) curve. The proof will be given by
verifying the existence (resp. non-existence) of a smoothable grd (resp. g
s
e) on C. For the
existence of grd on C, we will prove that
r + 4 ≤ g − d+ 2r − 2, that is g − d+ r ≥ 6,
which implies the torsion t = g − d + 2r − 2 is bigger than or equal to the lower bound
in Corollary 3.4,(1). By the hypotheses ρ(g, r, d) = ρ(g, s, e) = −2, we have g + 2 =
(r + 1)(g − d+ r) = (s + 1)(g − e+ s), which combined with d, e ≤ g − 1 and s > r yields
3 ≤ r + 1 < s+ 1 ≤ g − e+ s < g − d+ r, s+ 1 ≤
√
g + 2. (3.12)
Thus we get g + 2 ≥ 16. If r = 2, we have g − d+ r = g+23 ≥ 163 and hence g − d + r ≥ 6
holds. If r ≥ 3, the inequality g − d + r ≥ 6 follows from (3.12). Therefore the curve C
admits a smoothable grd by Corollary 3.4,(1) for ρ = −2.
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It remains to show that C has no smoothable gse. From the equation g +2 = (r+ 1)(g −
d+ r) = (s+ 1)(g − e+ s) combined with r + 1 < s+ 1 ≤ √g + 2 we obtain
(r + 1) + (g − d+ r) > (s+ 1) + (g − e+ s)
which means t = g−d+2r−2 > g− e+2s−2. Thus C has no smoothable gse by Corollary
3.4,(2). Therefore there is a smooth curve of genus g in Mrg,d which has no gse, whence
supp(Mrg,d) 6= supp(Msg,e). 
Corollary 3.6. A Brill-Noether locus Mrg,d with ρ(g, r, d) = −2 is not contained in a Brill-
Noether divisor Msg,e with e − 2s ≥ d − 2r + 3. Specifically, if g ≥ 34, a Brill-Noether
locus M2g,d with ρ(g, 2, d) = −2 is not contained in a Brill-Noether divisor Msg,e with s ≥ 2.
Further,
• △ BEg
(⌈g−22 ⌉, ⌊g−22 ⌋; 2, g − d+ 2r − 2 )
⊂ Mrg,d −
⋃{Msg,e | ρ(g, s, e) = −1, e− 2s ≥ d− 2r + 3}
and
• △ BEg
(⌈g−22 ⌉, ⌊g−22 ⌋; 2, g − d+ 2 )
⊂ M2g,d −
⋃{Msg,e | ρ(g, s, e) = −1, s ≥ 2}.
Proof. Let ρ(g, r, d) = −2 and ρ(g, s, e) = −1. By the same reasoning as in the beginning
of the proof of Corollary 3.5, we assume that r ≥ 2. Let C be a TCBE(⌈g−22 ⌉, ⌊g−22 ⌋; 2, g −
d + 2r − 2) curve. In the proof of Corollary 3.5 we show that C carries a smoothable grd.
On the other hand, by Corollary 3.4,(2), C has no smoothable gse since the the hypothesis
e− 2s > d− 2r + 2 gives g − d+ 2r− 2 ≥ g − e+ 2s+ 1. Therefore, Mrg,d is not contained
in a Brill-Noether divisor Msg,e.
Now, consider the case ofM2g,d with ρ(g, 2, d) = −2 and g ≥ 34. Let C be a TCBE(⌈g−22 ⌉,
⌊g−22 ⌋; 2, g − d + 2) curve. The proof of Corollary 3.5 tells that there exists a smoothable
g2d on C since g − d + 2r − 2 = g − d + 2 for r = 2. Now, we will show that C does not
admit a smoothable gse with ρ(g, s, e) = −1. According to Corollary 3.4,(2), we will get the
non-existence of gse by proving
g − d+ 2 ≥ g − e+ 2s+ 1. (3.13)
Foremost we have s 6= 2, since two conditions ρ(g, d, 2) = −2 and ρ(g, s, e) = −1 respectively
mean
g + 2 = 3(g − d+ 2), g + 1 = (s+ 1)(g − e+ s). (3.14)
Assume that s ≥ 4. Considering g + 1 = (s+ 1)(g − e+ s) combined with the graph given
by xy = g + 1, we see that (s + 1) + (g − e + s) attains the maximum when s = 4 since
e ≤ g − 1. From (3.14) it follows
g − d+ 2 = g + 2
3
and g − e+ 2s+ 1 = (s+ 1) + (g − e+ s) ≤ 5 + g + 1
5
,
whence the equation (3.13) holds for g ≥ 34.
Thus it remains to show (3.13) in case s = 3. The equations in (3.14) imply that
g + 2 ≡ 0 (mod 3), g + 1 ≡ 0 (mod 4),
whence g − 7 is a multiple of 12. This combined with g ≥ 34 yields g ≥ 43. According to
(3.14) we get g − e+ 2s+ 1 = 4 + g+14 which implies the validity of (3.13) for g ≥ 43 since
g − d + 2 = g+23 . In sum, we conclude that C does not admit any gse with ρ(g, s, e) = −1
and s ≥ 2. Therefore, we get the results of the corollary. 
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Remark 3.7. M2g,d is irreducible since the Severi variety of degree d and (geometric) genus
g plane curves is irreducible [9]. In case ρ(g, 2, d) ≤ −2 and g ≥ 34, Corollary 3.5 and 3.6
imply that a general curve X having g2d has no g
s
e with s ≥ 2 and ρ(g, s, e) < 0 except g2d
and KX − g2d. This means that the smooth model X of a general plane curve of degree d
and genus g with 34 ≤ g ≤ 3d−42 has no gse having s ≥ 2 and ρ(g, s, e) < 0 except g2d and
KX − g2d.
The following example shows relations among Brill-Noether loci of M34 .
Example 3.8. The moduli space M34 admits one Brill-Noether divisor M434,31 and four
Brill-Noether loci with Brill-Noether number ρ = −2 as follows:
M134,17, M234,24, M334,28, M534,33.
Using Corollary 3.4 we get some relations among the above Brill-Noether loci. In Table 1
and 2, we precisely demonstrate the range of t for the existence and the lower bound of t
for the nonexistence of a limit linear series grd on a TCBE(g1, g2; 2, t) curve as follows: in
case r ≥ 2,
Mrg,d r + 3 + (g1 − g2) ≤ t ≤ g − d+ 2r + ρ g − d+ 2r + 2(1 + ρ) + (g1 − g2) + δg1,g2
M234,24 5 + (g1 − g2) ≤ t ≤ 12 12 + (g1 − g2) + δg1,g2
M3
34,28 6 + (g1 − g2) ≤ t ≤ 10 10 + (g1 − g2) + δg1,g2
M434,31 7 + (g1 − g2) ≤ t ≤ 10 11 + (g1 − g2) + δg1,g2
M534,33 8 + (g1 − g2) ≤ t ≤ 9 9 + (g1 − g2) + δg1,g2
Table 1.
and in case r = 1,
M1g,d t ≤ g − d+ 3 + 3ρ2 − g1−g22 , t ≡ g1 + 1 (mod 2) g − d+ (g1 − g2) + δg1,g2
M1
34,17 t ≤ 17− g1−g22 , t ≡ g1 + 1 (mod 2) 17 + (g1 − g2) + δg1,g2
Table 2.
Corollary 3.4 combined with Table 1 and 2 yields the following:
• △BE34 (16, 16; 2, 12) ⊂M234,24 − (M334,28 ∪M434,31 ∪M534,33)
• ⋃
t=11,12
△BE34 (16, 16; 2, t)
⋃△BE34 (17, 15; 2, 12) ⊂M234,24 − (M334,28 ∪M534,33)
• ⋃
t=11,12
{△BE34 (16, 16; 2, t)
⋃△BE34 (17, 15; 2, t)} ⊂ M234,24 −M534,33
• △BE34 (16, 16; 2, 10) ⊂ (M234,24 ∩M334,28 ∩M434,31)−M534,33
• △BE34 (16, 16; 2, 11) ⊂ (M134,17 ∩M234,24)− (M334,28 ∪M534,33)
• ⋃
t=13,15,17
△BE34 (16, 16; 2, t) ⊂M134,17 − (M234,24 ∪M334,28 ∪M534,33 ∪M434,31)
• △BE34 (16, 16; 2, 9) ⊂M
1
34,17 ∩M234,24 ∩M334,28 ∩M534,33 ∩M434,31
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Concerning the last relationship in the above, we make a remark that
dim
(
∂M134,17 ∩ ∂M234,24 ∩ ∂M334,28 ∩ ∂M534,33 ∩ ∂M434,31
)
≥ dim(△ BE34 (16, 16; 2, 9))
= dim
(
∂M134,17
)− 2 ,
since dim△ BE34 (16, 16; 2, 9) = 2{dimM16,1 + (dimM1,2 − 1)} = 94. Here, ∂Mr34,d denotes
the boundary of Mr34,d in M34.
References
[1] Choi, Y., Kim, S. and Kim, Y., Remarks on Brill-Noether Divisors and Hilbert schemes, J. Pure and
Appl. Algebra 216 (2012), 377-384.
[2] Choi, Y., Kim, S. and Kim, Y., Brill-Noether divisors for even genus, J. Pure and Appl. Algebra 218
(2014), 1458-1462.
[3] Edidin, D., Brill-Noether theory in codimension-two, J. Algebraic Geom. 2 (1) (1993), 25-67.
[4] Eisenbud, D. and Harris, J., Limit linear series: Basic theory, Invent. Math. 85 (1986), 337-371.
[5] Eisenbud, D. and Harris, J., The Kodaira dimension of the moduli space of curves of genus≥23,
Invent. Math. 90 (1987), 359–387.
[6] Eisenbud, D. and Harris, J., Irreducibility of some families of linear series with Brill-Noether number
−1, Ann. Scient. E´c. Norm. Sup., 4c se´rie, t. 22. (1989) 33–53
[7] Farkas, G., The Geometry of the moduli space of curves of genus 23, Math. Ann. 318 (2000) 43–65.
[8] Farkas, G., The birational geometry of the moduli space of curves, Ph. D. Thesis, Universiteit van
Amsterdam, 2000.
[9] Harris, J., On the Severi problem, Inv. Math. 84 (1986), 445–461.
[10] Kim, S., Linear series on a stable curve of compact type and relations among Brill-Noether loci, J.
Alg. 547 (2020) 70–94.
[11] Steffen, F., A generalized principal ideal theorem with an application to Brill-Noether theory, Invent.
Math. 132 (1998), no.1, 73-89.
Department of Mathematics Education, Yeungnam University, 280 Daehak-Ro, Gyeongsan,
Gyeongbuk, 38541, Republic of Korea
E-mail address: ychoi824@yu.ac.kr
Department of Electronic Engineering, Chungwoon University, Sukgol-ro, Michuhol-gu,
Incheon, 22100, Republic of Korea
E-mail address: sjkim@chungwoon.ac.kr
